Ionization cross sections for the hydrogen molecule have been calculated by applying the classical Gryzinski theory combined with the Franck-Condon theory. It is shown that -if the reaction channels, Franck-Condon factors and Franck-Condon densities are taken into account properly -the calculated cross sections for ionization of the molecular ground state X 1 Σ + g (v ′ = 0) are in almost perfect agreement with the latest and most reliable experimental results. A comprehensive database is established which includes vibrationally resolved cross sections for non-dissociative and dissociative ionization of the molecular ground state as well as for the first five non-repulsive electronically excited states in the molecule.
Introduction
Ionization of the hydrogen molecule and consecutive recombination of the molecular ion play an important role in the kinetics and population dynamics of low-temperature hydrogen plasmas. An example is the divertor plasma in magnetically confined fusion experiments: here detached conditions are preferred in order to reduce the thermal load onto the divertor structure [1, 2] . In these conditions the electron temperature close to the divertor walls is low (around a fev eV). Hence the survival length of the molecules produced on the wall and the molecular density in the plasma volume are high. The proton density and consequently proton and energy fluxes are effectively reduced by volume recombination. A volume recombination channel is Molecular Assisted Recombination (MAR) [3, 4] which is based on ionization of hydrogen molecules, followed by dissociative recombination of the molecular ions. It has been shown in [5] that the contribution of MAR to the total plasma recombination in the divertor can be in the order of several 10 % Low-temperature low-pressure hydrogen plasmas, for example in ion sources for neutral beam heating (NBI) of fusion experiments [6] , linear plasma generators [7] or small laboratory experiments, can be in the socalled recombining plasma regime, characterized by low electron density and temperature. In such recombining plasmas the recombination of atomic and molecular hydrogen ions is of high relevance for populating excited states in the hydrogen atom. As a result, the line intensity ratios of different spontaneous transitions between electronic states of the atom in recombining plasmas deviates significantly from the line ratios in non-recombining (ionizing) plasmas [8] . This effect can be visualized best in the linear machines where a transition from an ionizing to a recombining plasma is accompanied by a change of the color of the plasma light from red to blue [9, 10] .
The molecular hydrogen ion H + 2 is of high relevance for the processes described above. Similar to the hydrogen molecule H 2 , its ion consists of a ground state and several electronically excited states. All these electronic states contain vibrational and rotational sub-levels. Electronic, vibrational and rotational excitation of the neutral molecule as well as of the ion is of particular importance for the processes described above: the presence of excited states in the molecule can strongly decrease the ionization threshold and thus increase the ionization efficiency. Depending on the plasma parameters, excited states will significantly contribute to the ionization of the molecule. Prominent examples are the vibrational levels in the molecular ground state or the metastable state c 3 Π u (v = 0) with relatively high population densities -even at low electron densities. The probability for dissociative recombination of the molecular hydrogen ion strongly depends on the vibrational population of the ion [11] . Concluding, knowledge of accurate vibrationally (and rotationally) resolved ionization and recombination cross sections is essential for modeling low-temperature hydrogen plasmas by using population models, for example Collisional Radiative (CR) [12, 13, 14] models.
The energetic spacing between rotationally excited levels is small com-pared to the electronic states and vibrational levels. Thus, in population models often the very complex structure of the hydrogen molecule is simplified by neglecting the rotational levels. This is done also within this paper which in order to reduce the amount of data. 
If either the vibrational continuum of the ionic ground state or the repulsive state 2 Σ + u is excited, the ion will dissociate into an atom and an atomic ion:
where E ′′ is the excitation energy. Reactions (1) and (2) consist of removing one of the two orbital electrons (which are both initially in the state 1σ g ) from the molecule accompanied by vibrationally exciting the ion. During reaction (3) an additional reaction step takes place: the second orbital electron is excited into the state 1σ u [16] .
In figure 1 the vibrational Eigenfunctions of v ′ = 0 in the molecular ground state and v ′′ = 0 in the ionic ground state are shown as well as two wave functions of free particles connecting to the vibrational continuum of the ionic ground state and the repulsive state. The three vertical arrows represent the ionizing processes (1)-(3).
The accuracy of theoretical cross sections for processes (1)-(3) strongly depends on the treatment of the different reaction channels. Up to now no complete (i.e. accounting for the vibrational levels v ′ and v ′′ in several electronic states of the molecule and the three processes (1)-(3)) and consistent data set is available in literature. Some efforts has been done in the past [17, 18, 19] , but these results are based on a simplified framework: the excitation of the second orbital electron into the state 1σ u taking place during reaction (3) was neglected and/or the Franck-Condon densities needed to describe the excitation into the vibrational continuum have been calculated by means of simple approximations.
Aim of this paper is to establish a comprehensive and accurate database containing vibrationally resolved cross sections for non-dissociative and dissociative ionization of the hydrogen molecule. The paper first gives an introduction about the evaluation of Franck-Condon factors and Franck-Condon densities. Then, the Gryzinski framework for calculating electron collision cross sections is briefly described and linked to the Franck-Condon theory in order to obtain vibrationally resolved results. The applicability of the Gryzinski method is verified by comparing the calculated ionization cross sections for the level v ′ = 0 in the molecular ground state with available experimental and theoretical data. Finally, the vibrationally resolved cross sections for non-dissociative and dissociative ionization of the electronic states
and c 3 Π u in the molecule are presented.
Computational method

Franck-Condon factors and Franck-Condon densities
Franck-Condon factors (FCF) and Franck-Condon densities (FCD) describe the overlap of two vibrational wave functions in a molecule [20, 21] . In the Franck-Condon approximation, the internuclear distance is considered to be fixed during an electronic transition. If the perturbing Hamiltonian of the transition does not depend on the internuclear distance, then according to Fermi's Golden Rule the FCF or FCD quantify the transition probability from one wave function to another. 
If either p ′′ is repulsive or the transition ends in the vibrational continuum of p ′′ , the discrete FCF split up into the continuous FCD Q
The wave function ψ p ′′ E ′′ of the free particle has to be normed to an amplitude of one in the outbound region. E ′′ is the excitation energy, E p ′′ diss the dissociation energy of the electronic state p ′′ and µ the reduced mass of the molecule.
Since the calculation of FCD is numerically more demanding than the calculation of FCF, often the δ−function approximation is applied [18] . In this approximation the overlap integral of the vibrational Eigenfunction ψ 
In general, the following closure relation is satisfied:
The relative contributions of excitation into bound vibrational states and dissociative excitation into the vibrational continuum depend on the shape of the potential curves. In case of a repulsive upper state p ′′ no bound excitation is possible and the first part of the left hand side in equation (7) yields zero.
In order to calculate non-dissociative and dissociative ionization cross sections for the hydrogen molecule, the corresponding FCF and FCD have been calculated using the computer code TraDiMo [22] . This code determines the Eigenfunctions and wave functions by solving the Schrödinger equation:
where E p v is the Eigenvalue for the vibrational level v in the electronic state p and ψ p v (r) the corresponding wave function. U p is the potential energy curve of p. This second-order differential equation is transformed into two first-order ordinary differential equations which are then solved numerically using the Taylor progression.
While a complete set of FCF for ionizing processes in the hydrogen molecule and its isotopomeres has been published elsewhere [23] , some of the FCD calculated within the scope of this paper are presented in section 3.
Ionization cross sections
Several quantum mechanical and classical techniques are available to calculate cross sections for molecular excitation and ionization processes. In principle, quantum mechanical calculations are more sophisticated and can be assumed to be more accurate than the classical approach. Nevertheless, due to the amount of cross sections to be calculated, a semi-classical modification of the classical Gryzinski method was applied within the scope of this paper.
The classical framework developed by Gryzinski [24, 25] and rephrased by Bauer [25] provides a set of simple equations which describe cross sections for different kinds of energy transfer to atoms or molecules. In principle, these equations are based on the classical model by Thomson [26] . The main difference is that within the Thomson theory the kinetic energy of orbital electrons is set to zero. In contrast, the Gryzinski theory accounts for the non-zero kinetic energy and the energy distribution of the electrons.
One of the most essential equations of the Gryzinski theory describes the cross section for the process in which an orbital electron (all other orbital electrons are unaffected) gains energy by electron collision. Most other equations of the Gryzinski framework can be deduced from this equation:
where E e is the initial energy of the impinging electron and ε the initial kinetic energy of the orbital electron to be excited. N e is the effective number of equivalent electrons in the initial state of the transition and can be set to two and one in case of the ground state and electronically excited states of the hydrogen molecule, respectively. σ 0 is equal to 6.56 · 10 −18 m 2 eV 2 [24] and E thr is the lower limit of the energy gain (i.e. the threshold energy).
In equation (9) no upper limit of the energy gain is defined. Such a limit has to be considered in case of excitation of specific electronically (and/or vibrationally or rotationally in a molecule) excited states. For energies above a certain limit the excitation by electron collision no longer solely populates the designated state but also one or more of the energetically higher lying states. The cross section for an energy gain constricted by an upper limit can be approximated by applying equation (9) once for the threshold energy and the upper energy limit and subtracting the results. If more than one state is available for excitation in a small energy range, the effective number of electrons N e need to be reduced in an appropriate manner [25] .
Usually, the initial kinetic energy ε of the orbital electron can be set to the ionization potential I of the atom or molecule [25] . The ionization potential is equal to the lowest threshold energy of all ionizing processes possible. If the process for which the cross section is to be calculated has a threshold equal the ionization potential, also E thr can be set to I. Then equation (9) reduces to the well known Gryzinski ionization cross section:
This equation must not be used for ionizing processes with threshold energy larger than the ionization potential. This is the case -for example -when the ionization produces an excited level of the ion. Then equation (9) has to be applied. As mentioned before, reactions (1) and (2) consist of removing one of the orbital electrons from the molecule accompanied by vibrationally exciting the ion. In order to easily obtain vibrationally resolved ionization cross sections for these reactions, the Gryzinski theory can be combined with the FranckCondon theory. The cross section for a non-dissociative ionizing electron collision from the vibrational level v ′ within the electronic level p ′ of the molecule to the vibrational level v ′′ in the bound state p ′′ of the ion can be calculated as follows:
with E thr equal to the threshold energy of the considered ionizing reaction. If information on the final vibrational state v ′′ is not required, the corresponding cross sections can be added together in order to obtain a total ionization cross section for the vibrational state v ′ :
The dissociative ionization by excitation into the vibrational continuum of the ionic ground state 2 Σ + g can be treated in a similar manner:
If the dissociative ionization occurs via the repulsive state 2 Σ + u of the ion (equation (3)), additionally the remaining orbital electron has to be excited from the state 1σ g into the state 1σ u . The resulting two-step reaction can by treated by similar means as double ionization. The evaluation of cross sections for double ionization using the Gryzinski theory is described in detail in [24, 16] . Due to the energy dependence of the specific involved cross sections it is possible to reduce several nested integrals and obtain simple equations for the cross section for two different reaction channels: either the incident electron removes one orbital electron from the molecule and then excites the second orbital electron to 1σ u (channel (a)). Or the incident electron removes one orbital electron from the molecule and then this orbital electron excites the second orbital electron to 1σ u (channel (b)). The cross sections of channel (a) and (b) can be written as:
where A is the effective area of the cloud of orbital electrons and E thr2 the threshold for the excitation of the remaining orbital electron. In [16] values for A and E thr2 are given: for the molecular ion the area A is equal to 6.90 · 10 −20 m 2 . A threshold energy of 12.4 eV produces protons with an energy of 2.5 eV. In equations (14) and (15) the threshold for excitation of the electron into the orbital 1σ u is needed -i.e. the production of protons with zero energy. The possible additional energy gain of the produced proton is accounted for by multiplying with the Franck-Condon density. Thus, for the calculations E thr2 is set to 9.9 eV. < ∆E a > is the average energy loss of the incident electron after the first collision of reaction channel (a) and < ∆E b > is the average energy gain of the removed orbital electron after the first collision of reaction channel (b). These average energies can be calculated as follows:
For electron energies close to the threshold energy E thr2 the value of < ∆E a > can be negative. In order to avoid non-physical results, in this case the negative value is replaced by zero during the calculation. The two cross sections for channels (a) and (b) are added together and integrated -similar to equation (13): 
Results and discussion
Franck-Condon densities
FCD have been calculated using TraDiMo for the transitions from the molecular states curves of the six molecular states have been taken from [27] , [28, 29] , [30] , [31] , [32, 33] and [32, 34] , respectively. The potential curves of the ionic curves are from [15] and [35] . To qualify the potential curves for the calculation of FCD, the fitting procedure described in [22] has been performed. In order to estimate the accuracy of the FCD, the closure relation (7) was checked for ionization of the five considered molecular states. The FCF were taken from [23] . As example, the result for transition of the molecular ground state into the ionic ground state 2 Σ + g is shown in table 1. The closure relation if fulfilled almost perfectly. Small deviations (around 0.01 %) from the expected sum one occur for some vibrational levels and are caused by the numeric solution procedure. For the highest vibrational quantum number v ′ = 14 a slightly higher deviation from one (around 0.02 %) is observed. Since the Eigenvalue of this vibrational state is very close to the dissociation energy, the Eigenfunction reacts very sensitively on small numerical errors of the calculated Eigenvalue. The closure relation is fulfilled very well also for the molecular states and ionization channels not shown here.
The correspondence principle states that in the limit of very high quan- tum numbers the behavior predicted by quantum mechanics reproduces the classical physics. For example, in the case of very high vibrational quantum numbers the probability to find the system close to the classical turning points is higher than the probability to find it somewhere else. Consequently, the vertical transition at the internuclear distance equal to the classical turning point r the FCD and increase to a significant value only for energies at which the FCD are more than two orders of magnitude smaller than their maximum.
The picture changes drastically when transitions into the vibrational continuum of the ionic ground state Additionally, as a matter of principle, the δ-function approximation can not describe correctly the behavior of FCD very close to the dissociation energy of non-repulsive states, i.e. the energy region in which a successive transition between bound vibrational states and the vibrational continuum takes place. Here, the wave functions of free particles are strongly influenced by the presence of the subjacent potential well. As a result, close to the threshold energy for dissociative ionization the FCD show a oscillating behavior, while FCD determined using the approximation follows a straight line. This can be seen in figure 4 , showing a zoom into the left upper part (v ′ = 0) of figure 3. Concluding, it is not appropriate to apply the simple δ-function approximation and an more exact calculation has to be performed instead -at least for the transitions into the vibrational continuum of the ionic ground state 2 Σ + g .
Ionization cross sections
To verify the applied calculation methods, the ionization cross sections are compared with experimental and theoretical results. Only data for v ′ = 0 in the molecular ground state X 1 Σ + g are available in literature. Figure 5 shows this comparison for non-dissociative ionization. The present cross section (continuous line) is in very good agreement with the experimental data [36, 37, 38, 39] . The only theoretical data set available [19] is based on the Gryzinski theory combined with the Franck-Condon theory and perfectly reproduces the present data. Plotted in figure 6 is the present cross section, compared with data available from literature for the dissociative ionization, again for v ′ = 0 in the molecular ground state. Large deviations between the different cross sections are observed, attributed to the different measurement and calculation methods:
The experimental cross sections by [38] are available close to the reaction threshold only and have been measured by using an apparatus in which hydrogen gas particles are ionized by an electron gun. The two possible reaction channels for dissociative ionization (equations (2) and (3)) have been discriminated by tuning an electrostatic ion lens connected to a mass spectrometer. The absolute value of the cross sections have been determined by normalizing the sum of both channels to a previously measured total cross section [40] .
The measurement method used in [39] is also based on an electron gun ionizing a target gas. A time-of-flight mass spectrometer is applied to discriminate between non-dissociative and dissociative ionization. The latter channel is not resolved for its two possible reaction channels. The data from [39] can be considered as the most accurate experimental data available since absolute measurements have been performed: the density of atoms in the gas target, the number of impinging electrons and the number of created ions have been measured simultaneously. Hence, it was not necessary to normalize to some other data for obtaining the absolute value of the cross sections.
A very good agreement between the present data and the results of [39] is obtained for high electron energies (E e > 55 eV) and close to the threshold energy (E e < 25 eV). In the intermediate region the deviation increases to a maximum value of around three.
The calculated cross sections from [18] show a large and constant disagreement to the present data (factor ≈ 3.5) and also to the experimentally determined cross sections by [39] . The data from [18] are based on the Gryzinski theory combined with the Franck-Condon theory. The observed discrepancy can be explained by the fact that -as mentioned alreadythe δ-function approximation has been applied instead of using numerically determined FCD and additionally the excitation channels of the dissociative ionization via the ionic state 2 Σ + g have not been considered properly. The results shown in figures 5 and 6 prove that the applied framework reproduces the most accurate experimental cross sections available for nondissociative and dissociative ionization of
. This finding is in general agreement with a statement made in [11] : the uncertainty of cross sections determined using the Gryzinski framework can be assumed to be smaller than a factor of two or three. Additionally, it was shown in [41] that the uncertainty can be significantly smaller for simply structured atoms or molecules. Hence, this quite simple classical framework was used for calculating state-to-state resolved calculations for all vibrational levels in the five electronic states [22] . Hence, sudden changes in the FCF and FCD and the corresponding ionization cross sections can be observed from one vibrational quantum number to the next one.
For all considered electronic states in the molecule the cross sections for both dissociative ionization channels are roughly in the same order of magnitude. Exception is the state C 1 Π u . For this state the dissociative channel via the vibrational continuum of the ionic ground state 2 Σ + g is significantly less effective than the channel via the repulsive state 2 Σ + u . This finding is again directly connected to the vibrational structure of the FCD. Due to the relative position of the potential curves of C 1 Π u and the ionic ground state 2 Σ + g , the closure relation (7) for the transition between these two states is fulfilled almost completely by the contribution of the FCF. The contribution of the FCD is almost negligible for all vibrational states v ′ and thus the absolute values of the dissociative ionization cross sections are also small.
Conclusion
The Gryzinski theory was applied in combination with the Franck-Condon theory to calculate vibrationally resolved ionization cross sections for the hydrogen molecule. As a prerequisite, Franck-Condon densities for nondissociative and dissociative ionization of the molecule have been calculated and verified. The applicability of the used theoretical framework was checked by comparing the present cross sections with cross sections available in the literature for v ′ = 0 in the molecular ground state. For non-dissociative ionization a very good agreement was found between the present data and experimentally determined as well as theoretical cross sections. While for dissociative ionization the agreement of the present data with the most reliable experimental results is also excellent, deviations within a factor of 3.5 are observed when comparing with theoretical cross sections from literature. These deviations are caused by a simplified theoretical framework which was applied for the previous calculations. Within this framework one of the reaction channels was neglected and simple approximation for the FranckCondon densities have been used.
A complete set of vibrationally resolved non-dissociative and dissociative ionization cross sections for the ground state and the first five electronically excited states in the hydrogen molecule has been calculated and is now available. These data constitute an important prerequisite for implementing ionizing and recombining processes into population models for atomic and molecular hydrogen. Such models based on the present data will be extremely useful for deepening the understanding of the relevant mechanisms in low temperature plasmas.
Appendix A. Supplementary data
A fitting procedure was applied to the cross sections for non-dissociative ionization and dissociative ionization of the ground state and the first five electronically excited states in the hydrogen molecule, v ′ ≤ 20. 
